Let π : (E, ∇ E ) → (M, g) be an affine submersion with horizontal distribution, where ∇ E is a symmetric connection and M is a Riemannian manifold. Let σ be a section of π, namely, π • σ = IdM . It is possible to study the harmonic property of section σ in two ways. First, we see σ as a harmonic map. Second, we see σ as harmonic section. In the Riemannian context, it means that σ is a critical point of the vertical functional energy. Our main goal is to find conditions to the assertion: σ is a harmonic map if and only if σ is a harmonic section.
Introduction
Let M be a Riemannian manifold and E a differential manifold with a symmetric connection ∇ E . Let us denote the Levi-Civita connection on M by ∇ M . Let π : E → M be a submersion. Then we can define the vertical bundle in T E as V E = Ker (π * ). Let HE be a smooth distribution in T E such that T E = V E ⊕ HE. We call HE of horizontal distribution. Let us denote by v : T E → V E and h : T E → HE the vertical and horizontal projectors, respectively. We denote by H x = π p |
−1
Hp : T x M → H p E, where π(p) = x, the family of isomorphism which we call the horizontal lift. The submersion π is called affine submersion with horizontal distribution if h∇ E H(X) HY = H(∇ M X Y ) for the X, Y vector fields on M (see [1] for more details).
Let σ be a section of an affine submersion with horizontal distribution π, that is, π • σ = Id M . We can study the harmonicity of σ in two ways. First way, σ is a harmonic map. Let {e 1 , . . . , e n } be an arbitrary local orthonormal frame fields at x ∈ M . The tension field of σ is given by
(∇ E σ * ei σ * e i − σ * ∇ M ei e i )(x).
We say that σ is a harmonic map if τ σ ≡ 0. We observe that ∇ E is no necessarily the Levi-Civita connection.
The second way is to study the harmonic property only through the vertical component of σ. Let ∇ v be a vertical connection on E, namely, ∇ X V = v∇ E X V , where X is a vector field and V is a vertical vector field on E. Let vσ * be the vertical component of σ * . The vertical tension field is given by We say that σ is a harmonic section if τ v σ ≡ 0. This definition is an extension of one gived by C. Woods [10] when π is a Riemannian submersion.
Our main objective is to find conditions for the assertion:
σ is a harmonic map if and only if σ is a harmonic section.
At first, seen by a geometric point of view it is not always true (see proposition 3.4), unless we stablish some conditions about σ. Our wish is to find geometric conditions that satify the assertion. With this aim, we use the Fundamental tensors A and T given by B. O'Neill [7] (see condition (3)). Under some conditions in A and T it is possible to prove with stochastic calculus the result below (see Theorem 3.2).
Theorem: σ is a harmonic section if and only if vτ σ ≡ 0.
This result is important because it gives a good condition to the assertion. From this and Proposition 3.4 follows our principal result:
Theorem : Let σ be a section of π and C σ and D σ be tensors defined by (5). Item (1) is the answer for our assertion. The other items are good conditions to find candidates that are harmonic sections or sections which are candidate to be harmonic maps. They can be thought as critical points in the sections of π set.
We apply this result in many contexts: product manifolds, tangent bundle with horizontal lift, submersion in the sense of Blumenthal and Riemannian submersion. Latter, we show that the geometric condition to the assertion is that the horizontal distribution given by HE is integrable (see Proposition 4.4).
Preliminaries
We begin by recalling some fundamental facts on Schwartz geometry and stochastic calculus on manifolds. We shall use freely concepts and notations from S. Kobayashi and N. Nomizu [5] , L. Schwartz [9] , P.A. Meyer [6] and M. Emery [3] . A quick survey in these concepts is described by P. Catuogno in [2] .
Let M be a smooth manifold and x ∈ M . The second order tangent space to M at x, which is denoted by τ x M , is the vector space of all differential operators on M at x of order at most two without a constant term. Let (x 1 , . . . , x n ) be a local system of coordinates. Every L ∈ τ x M can be written in a unique way as
∂x i ∂x j are differential operators at x (we shall use the convention of summing over repeated indices). The elements of τ x M are called second order tangent vectors at x, the elements of the dual vector space τ * x M are called second order forms at x.
) is canonically endowed with a vector bundle structure over M , which is called the second order tangent fiber bundle (respectively, second order cotangent fiber bundle) of M .
Let π : E → M be a submersion. Suppose that T E = V E ⊕ HE, where V E = ker (π * ) is the vertical distribution and HE is a horizontal distribution of T M , respectively. A 1-form θ in T * E is called vertical form if θ(X) = 0 when X ∈ HE. Let τ E = V τ E ⊕ W , where V τ E = Ker (π * ) is the vertical distribution and W is the complementar bundle of V τ E in τ E. A second order form Θ on M is also called vertical if the restriction of Θ to W is null.
Let M, N be smooth manifolds, F : M → N a smooth map and
where f ∈ C ∞ (N ). Let L be a second order vector field on M . The square operator of L, denoted by QL, is the symmetric tensor given by
Push forward of second order vectors by smooth maps is related to the so called Schwartz morphisms between second order tangent vector bundles. Definition 2.1 Let M and N be smooth manifolds, x ∈ M and y ∈ N . A linear application F :
A linear application F : τ x M → τ y N is a Schwartz morphism if and only if there exists a smooth map φ : M → N with φ(x) = y such that F = φ x * (see for example Proposition 1 in [4] ).
Let (Ω, (F t ), P) be a filtered probability space which satisfies the usual conditions (see for instance [3] ).
Definition 2.2 Let M be a smooth manifold. Let X be a stochastic process with values in M . We call X a semimartingale if, for all f smooth on M , f (X) is a real semimartingale.
L. Schwartz has noticed, in [9] , that, if X is a continuous semimartingale in a smooth manifold M , the Itô's differentials dX i and d[X i , X j ] (where (x i ) is a local coordinate system and X i is the ith coordinate of X in this system) behave under a change of coordinates as the coefficients of a second order tangent vector. The (purely formal) stochastic differential
is a linear differential operator on M , at X t , of order at most two, with no constant term. Therefore, the tangent object to X t is formally one of second order. This fact is known as Schwartz principle.
From now on we assume that all semimartingales are continuos. Let A and B be vector fields on M . We call {A, B} = 1 2 (AB + BA) the commutator of the vector fields. We observe that {A, B} is a second order vector field. The set of commutators in τ M will be denoted by Com(M ).
Proof: It is sufficient to define the mapQ :
It is immediate that Q Com(M) andQ are inverse maps. Proposition 2.1 Let M, N be smooth manifolds and F : M → N be a smooth map. Then F * : τ M → τ N is written as
Proof: Let X be a semimartingale in M and (x 1 , . . . , x n ) be a local coordinate system. By Schwartz principle, it follows that
Since F * is a Schwartz morphism, applying Q in
Therefore
and the Proposition follows. Let X be a semimartingale in M . Let Θ Xt ∈ τ * Xt M be an adapted stochastic second order form along X t . Let (U, x i ) be a local coordinate system in M . With respect to this chart the second order form Θ can be written as
where θ i and θ ij = θ ji are (C ∞ say) functions in M . Then the integral of Θ along X is defined by:
where b(x) = b ij (x)dx i ⊗ dx j and b ij are smooth functions. Let M be a smooth manifolf endowed with symmetric connection ∇ M . In [6] , P. Meyer showed that for
where A, B ∈ T M . We also call Γ M by connection. P. Catuogno gived the following definition in [2] . Definition 2.3 Let M and N be smooth manifolds endowed with connections Γ M and Γ N , respectively, and F : M → N be a smooth map. We define the section
The second fundamental form of F , denoted by β F , is the unique section of
In the case that (M, g) is a Riemmanian manifold and Γ M is the Levi-Civita connection, the tension field of F , τ F : M → T N , is given by
The map F is called harmonic with respect to Γ N if its tension field is null, i.e., τ F = 0.
Let M be a smooth manifold endowed with a symmetric connection Γ M . Let X be a semimartingale in M and θ be a 1-form along X. The Itô integral is defined by 
3 An equivalence between harmonic sections and sections that are harmonic maps
Let E be a diffenrential manifold and M be a Riemannian manifold such that there is a smooth submersion π : E → M . Let ∇ E be a symmetric connection and ∇ M be the Levi-Civita connection on E. Let V E = ker (π * ) be the vertical distribution and HE a smooth distribution in T E such that T E = V E ⊕ HE. Let v : T E → V E and h : T E → HE be the vertical and horizontal projectors, respectively. Let [1] for more details). A Riemmanian submersion is a classical example of affine submersion with horizontal distribution. Unlles otherwise stated, we assume that π : E → M is an affine submersion with horizontal distribution.
We follow the definition of B. O'Neill [7] for the Fundamental tensors A and T . They are defined by
The following assumption will be needed throughout the paper. Let X, Y be vector fields on M . We ask connections ∇ E on E such that
We observe that Riemannian submersions satisfy this condition. The next Lemma is important in the sequence. Proof: Let (x 1 , . . . , x n ) be a local coordinate system in M . Let V be a non null vertical vector field on E. We can write
Suppose that every D i , i = 1, . . . n, is not vertical. Applying π * at V we see that
It is a contradition. Therefore there is a major r < n such that {y 1 , . . . , y r } ⊂ {x 1 , . . . , x n }, D . . , n − r. As U is vertical we have that some D j would be a vertical vector. It is a contracdition with the choice of r.
Let us denote τ xĒ the set of second order vector field L written as
where (x 1 , . . . , x n ) is a local coordinate system and (y 1 , . . . , y r ) is given by the Lemma above. It is clear that τ xĒ is a subspace of τ x . Let Γ E be a symmetric connection on M . We define Γ v :
, where X and V are vector field and vertical vector field on E, respectively. Definition 3.1 Let σ be a section of π. We defineQ x :
The vertical second fundamental form of σ, β v σ is the unique section of
We call σ a harmonic section if τ
When π is a Riemannian submersion, C. Wood, in [10] , defines a harmonic section in the same way.
The following linear algebra lemma shows that β v σ is well defined. 
Proof: Since KerQ = V E ⊂ Ker α v σ , the lemma follows from the first isomorphism theorem (see [8] pp 67).
For the convenience of the reader we repeat the proof of the following Lemma from [2] . Lemma 3.3 Let π : E → M be an affine submersion with horizontal distribution. Then
Proof: 1. By definition 2.3 of β σ , we have that
The first equality follows from Proposition 6.31 in [3] .
2. The proof is analogous to item 1.
Proposition 3.1 Let σ be a section of π and X be a semimartingale in M . We have that
for all vertical form θ.
Proof: Let X t be a semimartingale in M . From Lemma 3.3 we see that
Thus, it is sufficient to show that α * σ θd 2 X = α v * σ θd 2 X. We first compute α σ (d 2 X). From definition (1) we see that
Write σ * = vσ * + hσ * . From this, Proposition 2.1 and Lemma 2.1 we deduce that
We observe that {vσ
Applying the connection Γ E at σ * (d 2 X t ) we see that
Since hσ * D i = H(D i ), from the equality above we conclude that
Consequentely,
Therefore the conclusion follows.
Theorem 3.2 Let σ be a section of π. Then σ is a harmonic section if and only if vτ σ is null.
Proof: Let B be a Brownian motion in M and θ be a vertical form in E. From Proposition 3.1 and the definition of Brownian motion (2) we deduce that
Suppose that vτ σ = 0. Thus
As θ and B are arbitrary we have τ v σ = 0. Therefore, by definition, σ is a harmonic section. The converse follows from the same argument. 
Proposition 3.4 Let σ be a section of π such that σ is not constant. Then the horizontal e vertical components of τ σ are given by
for X, Y vector fields on M , with H the horizontal lift from M on E.
Proof: From definition of β σ we see that
for X, Y vector fields on M . Write σ = vσ * ⊕ hσ * . We compute the vertical and horizontal components of β σ . First, we develop the vertical component. Thus
From the definitions of the Fundamental tensors T and A we deduce that
Let {e 1 , . . . , e n } be a local orthonormal system at x ∈ M and H(e i ), i = 1, . . . , n, their horizontal lifts on E. It is clear that H(e i ) = hσ * e i . A direct computation shows that
where X, Y are vector field in M , we conclude that
Using the fact that π is an affine submersion with horizontal distribution it is possible to show that
where 
Examples

Product manifold
Let M be a Riemannian manifold, N a differential manifold and E = M × N a product manifold. Let ∇ M be the Levi-Civita connection on E and ∇ N a symmetric connection on N . Furthermore, we endow E with the product connection ∇ E = ∇ M +∇ N . We observe that ∇ E is also symmetric. It follows immediately that π : E → M is an affine submersion with horizontal distribution. It is also easy to check that T ≡ 0 and A ≡ 0. From this and Theorem 3.5 we deduce the following. Furthermore, it follows easily that tr C σ = 0.
Tangent Bundle with horizontal Lift
Let M be a Riemmanian manifold and T M its tangent bundle. Let ∇ M be a symmetric connection on M . It is possible to prolong ∇ M to a connection on T M . A well known way is the horizontal lift ∇ h (see [11] for the definition of ∇ h ). We observe that ∇ M is symmetric and flat if and only if ∇ h is symmetric (see proposition 7.3, chapter II in [11] ). Let X, Y be vector fields on M , so ∇ h satisfies the following equations:
where X V , Y V are vertical lifts, while X H , Y H are horizontal lifts (see [11] for more details). From this we see that T ≡ 0 and A ≡ 0. It follows that tr D σ = 0. So we have showed the following. 
Riemannian submersion
Let π : E → M be a Riemannian submmersion with totally geodesic fibers. We stated some results about Fundamental tensors T and A in this case. Let X, Y be horzontal fields on E and U, V be vertical fields on E. B. O'Neill showed in [7] From (i) we see that the totally geodesic fibers property is equivalent to T ≡ 0. From this and (ii) we conclude that tr C σ = n i=0 [H(e i ), vσ * (e i )] and tr D σ = n i=1 2A H(ei) vσ * (e i ) for any local orthonormal system {e 1 . . . . , e n } on M . As H is an isomorphism from T M into HE we have that {H(e 1 ), . . . , H(e n )} are basis in HE. Therefore any horizontal field Y on E can be written as Y = a j H(e j ). From (ii) and (iii) we deduce that 
